Effective interactions that fit the low energy p-3 He experimental data have been constructed. They are based on the Resonating Group Method and a modified Orthogonality Condition Model in which Pauli and partly Pauli forbidden states are removed from the spectrum. Partial waves up to L = 3 have been considered. The LS force acting between the proton and 3 He has been included phenomenologically, while the Coulomb interaction has been incorporated using a renormalization technique for a screened Coulomb interaction. The potentials are also given in a separable momentum space form, obtained using the Ernst-Shakin-Thaler (EST) method. In all cases the potentials generate phase shifts that fit well the low energy experimental data.
In Sec. II we describe our methods to construct the p- 3 He potential and in Sec. III we present our results. In Sec. IV we present the separable expansions for the p- 3 He potentials while in Sec. V we present our discussions and conclusions. Finally, some technical details and formulas are shifted in Appendices A and B.
II. THE p -3 He POTENTIAL
The construction of our p-3 He effective potential is based on the RGM formalism, which is given in configuration space in the paper by Reichstein et al. [20] . In operator form the RGM potential is
where W is the energy independent local and nonlocal potential, E is the relative energy between the proton and 3 He while N is the norm (-integral) kernel (see Appendix A for details).
A common problem encountered in the RGM formalism is the existence of the PFS which can be removed via the OCM technique (see Appendix A). The OCM potential is given by
where h 0 is the kinetic energy operator between the proton and 3 He. It should be noted that V OCM is an energy independent potential. The above operator equations can be brought into a more concrete form by using the eigen-values γ i and the eigen-functionsŨ i of the norm kernel,
with N |Ũ i = γ i |Ũ i (2.4) and with matrix elements W ij = Ũ i | W |Ũ j and h 0ij = Ũ i | h 0 |Ũ j . We solved Eq.(2.4) to obtain the eigen-value γ i and the eigen-functionŨ i for each state of the p- 3 He system up to a large number i = N s , beyond which the eigen-functionsŨ i become highly oscillatory. These oscillations make the numerical calculations cumbersome and unstable.
The eigen-functionsŨ i can be expressed in terms of harmonic oscillator functions U i (see Eq. (A18)). Since the potential V OCM becomes infinite for a PFS(γ i = 1) the corresponding wave function is removed from the eigen-functions of the Schrödinger equation. For the partly PFS (0 < γ i < 1) we note that the eigen-values γ i converge quickly to zero as i increases and thus for a sufficiently large number N S ,
Therefore, by using W = ∞ ij=1 |Ũ i W ij Ũ j | = V RGM (E = 0), we obtain instead of Eq. (2.3) the modified OCM (MOCM) potential
If the number of PFS is N F then from the orthogonality condition between Ũ j | and the physical wave function |ψ , given by Eq. (A11), we obtain
Thus, the part of the potential in Eq.(2.6) has no effect in the Schrödinger equation. Consequently, we introduce our MOCM potential as follows,
(2.8)
For the ℓ = 0 state of the p-3 He system, the eigenvalues γ i are γ 1 = 0.98993, γ 2 = 0.12020, γ 3 = 0.01373, and so on, i.e. there are no PFS in the system. For higher partial waves, the absolute values of γ i are much less than one, and therefore N F = 0 as well. Thus, Eq. (2.8) is not only free from a diverging term caused by γ i = 1, but also from numerical errors due to presence of oscillator functions with higher frequencies.
Each term of Eq.(2.8) can be easily transformed into its momentum space using Fourier transforms (see Appendix B). It is found that the on-shell parts of the OCM scattering amplitude obtained with the transformed potentials are almost the same as those of the RGM amplitude, although the off-shell parts differ. For the spin-triplet P-and D-waves and with N S = 20 the resulting phase shift differ slightly. However, the differences are small enough and do not give rise to any important effects in the parameter fitting of these triplet channels.
Within the above formalism, a realistic force with an LS component has rarely been considered until now [29] . As a consequence, the intercluster p- 3 He potential of the MOCM, Eq. (2.8), does not include an LS force either. Although in the RGM formalism the NN interaction could include an LS and tensor force, this may necessitate some additional antisymmetrization procedure. However, if we adopt a proper intrinsic cluster function that includes the effects of these forces, we could include these effects in the inter-cluster potentials by means of a folding procedure. In previous work McIntyre and Haeberli [27] introduced a phenomenological LS force to reduce the degeneracy of the L-induced potentials. In the present work we use the same technique but with an extended form for the LS forces. The LS dependence in the intercluster potentials for the spin-triplet channels is introduced via
where C 0 , C 1 , C 2 ,and C 3 are parameters adjusted to fit the experimental phase shifts. For now on we shall, for simplicity, use from now on the abbreviation OCM instead of MOCM. The parameters for the p-3 He interactions are shown in Table. I. Tensor forces should be considered, in principle, for the 
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, and 3 P 2 -3 F 2 partial waves, respectively. Therefore, tensor forces were omitted.
III. PHASE SHIFT CALCULATIONS
The p-3 He phase shifts were calculated using the program "GSE" developed in Refs. [30, 31] . The GSE method is one generalization of Bateman's method in which the on-shell and half-off-shell properties of the t-matrix are exact when the on-shell momentum is chosen to be the Bateman parameter. In order to take into account the Coulomb interaction for the p-3 He system, Reichstein et al. introduced a kind of Coulomb force in the RGM formalism which takes the form of an Error function [20] . In momentum representation, the Error function can be expanded in the short range region in terms of Gaussian functions while in the long range region it can be expressed in terms of a Coulomb potential between the 3 He cluster and the proton. In order to obtain the phase-shift modification by the Coulomb interaction, we adopt a screened Coulomb potential of the Yukawa type. The difference between the pure Coulomb and the screened Coulomb potential in the long range region is corrected by means of a renormalization technique [32] .
The screened Coulomb potential is defined by
where R is called the screened Coulomb range parameter which, in our case, has the value of R = 810.753 fm for S-wave, R = 1128.677 fm for P-wave, R = 1439.062 fm for D-wave, and R = 10158.163 fm for F-wave. The partial wave expansion of V R , in momentum space, is given by
where Q ℓ (x) is the Legendre function of the second kind. The calculated screened Coulomb phase shift δ R ℓ (k) using Eq. (3.2) is given by
where σ ℓ (k) is the Coulomb phase, φ(k, R) is the renormalization phase given by φ(k, R) = η(ln 2kR − γ) + · · ·, η is the Sommerfeld parameter η = µZZ ′ e 2 /k, µ is a reduced mass, and γ is the Euler constant γ = 0.5772156 · · ·.
In order to calculate the Coulomb modified nuclear phase shifts δ SC ℓ , we first put the total potential with the short range nuclear part V OCM(LS) and the Coulomb part into partial wave form,
Then, the calculated total phase shift is given by
Consequently the Coulomb modified nuclear phase shift δ
The genuine Coulomb modified nuclear phase shifts are obtained via Eq. (3.6) in the long range limit,
where δ ℓ (k) is the total phase shift generated by the nuclear plus Coulomb potentials. The results, for the 1 S 0 , 3 S 1 partial waves, are shown in Fig. 1 and compared with the results of the phase shift analyses [10, 19, 11, 12, [14] [15] [16] [17] . It is seen that the phase shifts for these channels are well reproduced. This confirms the on-shell equivalence of the OCM and the RGM potentials. In Fig. 3 Fig. 1 and 2 .
In Fig. 4 
IV. SEPARABLE EXPANSION OF THE p -3 He POTENTIALS
In order to be useful the potential V OCM (LS) must be converted into a separable expansion form. To achieve this we employed the EST separable expansion method [28] which is briefly described below.
The EST rank N separable potential V EST (p, p ′ ) is defined in terms of the form factor g i (p) and the coupling constant λ ij
The form factor is given by the R-matrix,
where E i is a fixed energy point and k i is the on-shell momentum at this energy. The expansion energies used are E 1 =1MeV for the rank-1 case, and E 1 =1MeV, E 2 =10MeV, and E 3 =15MeV for the rank-3 case. The R-matrix satisfies the equation
2π 2 dp
where P denotes the principal value integral. For practical reasons the form factor g i (p) is expanded in terms of polynomials,
where β = 1/0.825 and a n,m are fitting parameters. The coupling constant λ ij is defined by
2π 2 dp. (4.5)
The singlet p-3 He potential does not contain an LS force. We endeavored to construct two different p-3 He potentials, one of rank-1 and the other of rank-3. The rank-1 parameters for the form factor are the same as those of the first term of the rank-3 but the coupling constant is different.
The parameters for these potentials for the 1 S 0 state are given in Tables II and III 
TABLE III. Coupling constants λ ij = λ ji of the rank-3 1 S 0 potential. The results for the 1 P 1 channel are given in Tables IV and V while TABLE IV. Parameters a n,m of the form factor of Eq. (4.4) for the 1 P 1 potential. The first column exhibits the rank-1 parameters with λ 11 = −0.29317504. TABLE VIII. Parameters a n,m of the form factor of Eq. (4.4) for the 1 F 3 potential. The first column lists the rank-1 parameters with λ 11 =-0.157512965×10 4 . 
B. Triplet Channel
The parameters for the spin-triplet partial waves 3 S 1 (
, are given in Tables X-XXIX while the phase shifts are given in Figs. 9-18. In the case of the 3 S 1 partial wave the rank-3 separable potential reproduces quite well the RGM+OCM phase shift. In the other cases the rank-3 separable potential reproduces equally well the RGM+OCM+LS phase shifts.
TABLE X. Parameters a n,m of the form factor of Eq. (4.4) for the 3 S 1 potential. The first column gives the rank-1 parameters with λ 11 =-0.25598940×10 1
0.37402881×10 −6 0.26272042×10 −7 0.30874015×10 TABLE XII. Parameters a n,m of the form factor of Eq. (4.4) for the 3 P 0 potential. The first column lists the rank-1 parameters with λ 11 =-0.42316727. TABLE XIV. Parameters a n,m of the form factor of Eq. (4.4) for the 3 P 1 potential. The first column exhibits the rank-1 parameters with λ 11 =-0.15329984 1   FIG. 11 . Phase shifts for the 3 P 1 partial wave without Coulomb effects. The crosses denote the RGM+OCM+LS result, the dashed line the rank-1 result, and the solid line the rank-3 result, respectively. TABLE XVI. Parameters a n,m of the form factor of Eq. (4.4) for the 3 P 2 potential. The first column presents the rank-1 parameters with λ 11 =-0.66395138×10 −1 In the higher energy region (above the break up threshold for 3 He→d+p), absorption effects stemming from inelasticity should be considered. This requires the introduction of an imaginary component in the potential. We modified our potential to reproduce the reflection parameters, given by Yoshino et al. [19] at E Lab =19.48 MeV, using the anzatz 6) where the parameters C 0 , C 1 , C 2 , C 3 are the same as in the V OCM(LS) potential. And the complex factor A is chosen as follows
where A * is the complex conjugate of A, and a=21.0, b=2.50 × 10 −5 , respectively. The break up threshold energy E th is given by E th = E − E h + E d , E h and E d are the 3 He and the deuteron binding energies respectively, while θ(x) is the step function. Using this complex potential, we calculated the phase shifts and found that they change, at most, by a few degrees in the region of 19.48 MeV. Therefore, we do not present these results in this paper.
V. DISCUSSION AND CONCLUSIONS
We constructed the p-3 He effective potentials up to L=3 based on the RGM combined with the OCM technique which removes the PFS. These models do not include either an LS or a tensor force, which were not included in the nucleon-nucleon potential used to construct the nucleon-trinucleon potential. In the present work, we introduce the LS interaction phenomenologically at an intercluster level. This successfully describes the degeneracy in the spin-triplet (
The tensor force could be similarly included. However, these forces could be safely omitted as their influence on the data was shown, in the recent work of Yoshino et al. [19] , to be very small.
In the higher energy region (above the break up threshold), absorption effects can be included via Eq. (4.6). Since, however, our main concern is the construction of potentials at low energies, little attention was given to the construction of complex potential (see forth Eq. (4.7) ).
The theoretical (RGM) phase shifts are well reproduced by our potentials. As far as the experimental phase shifts are concerned, it should be noted that the results obtained by various analyses are not in agreement to each other. However, our potentials fit the most recent phase shifts [19] quite well. Furthermore, we compared our results with those of Ref. [10] , which are based on a Yamaguchi type separable potential fitted to lower energy scattering data. The latter potentials reproduce well the differential cross sections at very low energies.
Special attention was paid to effects of non-central forces in each of the negative parity states, 2 − , 1 − , 0 − . We derived the energy spectrum by using the phase-shift data by Beltramin et al. (BFP) Ref. [10] employing the three-dimensional Spline function interpolation method. Our result is compared with the BFP spectrum and with the GCM calculation Ref. [21] as well as with the experimental data. The results are plotted in Fig. 19 . The first and the second lowest levels of the BFP crossed each other. The GCM calculation reproduces the ordering of four negative parity states but the spectrum is totally shifted to a higher energy region, while our results are in good agreement with the experimental data in which the lowest level 2
− is due to the 3 P 2 state, the second lowest 1 − level to 3 P 1 , the 0 − level to 3 P 0 , and the excited 1 − level to the 1 P 1 state. From the overall results, we may conclude that our potentials (RGM+OCM plus phenomenological LS force) reproduce the scattering and resonance state data of the p-3 He system well. Concerning the OCM results, we note that they are essentially on-shell equivalent to the RGM one. However, we found that there are some differences, albeit small, in the phase shift for the P and D waves.
Finally, our EST separable potentials can be used in few-cluster systems where p-3 He is involved. One such reaction is 3 He(d,p) 4 He, which can be treated as a three-body system, pn-3 He, within the Faddeev integral equations. Moreover, they can be used for interpretation purposes by constructing local equivalent interactions which can provide us a further insight into the interaction between light clusters, their characteristics concerning shape, range etc., as well as their bound and resonance structure. The understanding of the interaction between light clusters will pave the way for a better treatment of few-cluster systems and their role in nuclear reactions and primordial nucleosynthesis.
where V D is the Direct local potential and K(r, r ′ ) is the corresponding nonlocal one which consists of three terms
where K T is obtained from the kinetic energy term, K V from the potential term, and N is often referred to as the norm-integral kernel or the norm kernel. In operator form Eq. (A5) is written as
where E and h 0 are the relative energy and the kinetic operator between the 3 He cluster and the proton, respectively. The RGM (effective) potential can be identified to
with
The normalization of the total wave function of the system is given by
where φ a is the 3 He cluster intrinsic wave function while φ b is a single nucleon wave function. It is, however, known that the norm of the relative function χ is not one and therefore one defines the function ψ,
which has the proper probability density interpretation as the physical wave function. An additional problem with the RGM formalism is the existence of PFS. These states can be removed using the OCM technique in which Eq. (A7) is rewritten as follows,
Furthermore, using Eq. (A11) one obtains
Therefore, the Pauli corrected intercluster potential is
A Pauli forbidden state is removed when the corresponding eigen-value of √ 1 − N vanishes. It should be noted that in this representation the energy dependence of the potential is eliminated.
The potential V OCM in Eq. (A14) is given in operator form. It can, however, be easily brought into a more suitable form for numerical calculation. For this, when the cluster wave function is given by one Gaussian term, the eigen-function of the norm kernel N is found using the harmonic oscillator function [26] . In the present case, however, where the 3 He wave function is given by two Gaussian terms, the norm eigen-function is a superposition of harmonic oscillator functions. Now, the norm kernel N is given by
where
The matrix elements of the norm kernel analytically while the matrix can be diagonalized numerically using the Jacobo method. For this, Eq. (A15) is written as
Furthermore, the term γ k is the eigen-value of the norm kernel andŨ k is the corresponding eigen-function. Eq. (A14) then becomes
APPENDIX B: MOMENTUM REPRESENTATION
In what follows we also present the above potential in momentum space suitable for the Alt-Grassberger-Sandhas (AGS) equations [33] . The momentum representation is introduced using the Fourier transforms,
F {f
The potential consist of the following set of functions [20] .
ℓ (a; r) = exp(−ar 2 ) (B3) 
ℓ (a, a ′ , b : r, r ′ ) = −brr
Using the definitions (B1) and (B2) we obtain
In the above
while J ℓ is the Hyperbolic Spherical Bessel Function related to the Spherical Bessel Function j ℓ by J ℓ+1/2 (x) = i ℓ x j ℓ (ix) .
